Abstract. If V is a representation of a linear algebraic group G, a set S of G-invariant regular functions on V is called separating if the following holds: If two elements v, v ′ ∈ V can be separated by an invariant function, then there is an f ∈ S such that f (v) = f (v ′ ). It is known that there always exist finite separating sets. Moreover, if the group G is finite, then the invariant functions of degree ≤ |G| form a separating set. We show that for a non-finite linear algebraic group G such an upper bound for the degrees of a separating set does not exist.
Introduction
Let K be an algebraically closed field of arbitrary characteristic. Let G be a linear algebraic group and X a G-variety, i.e. an affine variety equipped with a (regular) action of G, everything defined over K. We denote by O(X) the coordinate ring of X and by O(X) G the subring of G-invariant regular functions. The following definition is due to Derksen and Kemper [DK02, Definition 2.3.8].
Definition 1. Let X be a G-variety. A subset S ⊂ O(X)
G of the invariant ring of X is called separating (or G-separating) if the following holds:
For any pair x, x ′ ∈ X, if f (x) = f (x ′ ) for some f ∈ O(X) G then there is an h ∈ S such that h(x) = h(x ′ ).
It is known and easy to see that there always exists a finite separating set (see [DK02, Theorem 2 
.3.15]).
If V is a G-module, i.e. a finite dimensional K-vector space with a regular linear action of G, we would like to know a priory bounds for the degrees of the elements in a separating set. We denote by O(V ) The main results of this note are the following. Theorem A. The group G is finite if and only if β sep (G) is finite.
In order to prove this we will show that β sep (K + ) = ∞, that β sep (K * ) = ∞, that β sep (G) = ∞ for every semisimple group G, and that β sep (G 0 ) ≤ β sep (G) (see section 3, Theorem 1).
Theorem B. Let G be a finite group and H ⊂ G a subgroup. Then β sep (H) ≤ β sep (G) ≤ [G : H] β sep (H), and so β sep (G) ≤ |G|.
Moreover, if H ⊂ G is normal, then
This will be done in section 4 where we formulate and prove a more precise statement (Theorem 2).
Finally, we have the following explicit results for finite groups.
Theorem C. For a reductive group G one knows that the condition f (x) = f (x ′ ) for some invariant f (in Definition 1) is equivalent to the condition Gx∩Gx ′ = ∅, see [New78, Corollary 3.5.2]. This gives rise to the following definition. ′ ∈ X such that Gx ∩ Gx ′ = ∅ we have ϕ(x) = ϕ(x ′ ).
Remark 1. If ϕ : X → Y is G-separating and X ′ ⊂ X a closed G-stable subvariety, then the induced morphism ϕ| X ′ : X ′ → Y is also G-separating.
Remark 2. Choose a closed embedding Y ⊂ K m and denote by ϕ 1 , . . . , ϕ m ∈ O(X) the coordinate functions of ϕ : X → Y ⊂ K m . If ϕ is separating, then {ϕ 1 , . . . , ϕ m } is a separating set. The converse holds if G is reductive, but not in general, as shown by the standard representation K + → GL 2 (K) given by s → 1 s 1 which does not admit a separating morphism.
Some useful results
We want to recall some facts about the β sep -values, and compare with the results for the classical β-values for generating invariants introduced by Schmid [Sch91] : β(G) is the minimal d ∈ N such that, for every G-module V , the invariant ring
G is generated by the invariants of degree ≤ d. By Derksen and Kemper [DK02, Corollary 3.9.14], we have β sep (G) ≤ |G|. This is in perfect analogy to the Noether bound, which says β(G) ≤ |G| in the non-modular case, see [Sch91, Fle00, Fog01] . Of course we have β sep (G) ≤ β(G), so when good upper bounds for β(G) are known, then we have an upper bound for β sep (G).
In characteristic zero and in the non-modular case there are the bounds by Schmid [Sch91] and by Domokos, Hegedüs, and Sezer [DH00, Sez02] which improve the Noether bound. In particular, [Sez02] shows for non-modular non-cyclic groups G that β(G) ≤ 3 4 |G|. For a linear algebraic group G it is shown by Bryant, Derksen and Kemper [BK05, DK04] that β(G) < ∞ if and only if G is finite and p ∤ |G| which is the analogon to our Theorem A. For further results on degree bounds, we recommend the overview article of Wehlau [Weh06] .
The following results will be useful in the sequel.
Proposition 1. Let H ⊂ G be a closed subgroup, X an affine G-variety and Z an affine H-variety. Let ι : Z → X be an H-equivariant morphism and assume that ι *
. Thus we can find an h ∈ S such that h(x 1 ) = h(x 2 ). It follows thath := ι
Remark 3. In general, the inverse map (ι * ) −1 does not take H-separating sets to G-separating sets. Take K + ⊂ SL 2 as the subgroup of upper triangular unipotent matrices, X = K 2 ⊕ K 2 ⊕ K 2 the sum of three copies of the standard representation of SL 2 and Z = K 2 ⊕ K 2 the sum of two copies of the standard representation of
). In fact, choosing the coordinates (x 0 , x 1 , y 0 , y 1 , z 0 , z 1 ) on X and (y 0 , y 1 , z 0 , z 1 ) on Y , we get from the classical description [dCP76] of the invariants and covariants of copies of K 2 :
and the claim follows, because ι For the following application recall that for a closed subgroup H ⊂ G of finite index the induced module Ind
Corollary 1. Let H ⊂ G be a closed subgroup of finite index and let V be an
which is easily seen to be G-invariant. Now the claim follows from Proposition 1 above, because the restriction map ι * is linear and so preserves degrees.
Proposition 2 (Derksen and Kemper
G . In particular, we have
Let us mention here that in positive characteristic the restriction map is in general not surjective when restriced to the invariants, and so a generating set is not necessarily mapped onto a generating set.
We finally remark that for finite groups there is a G-module V such β sep (G, V ) = β sep (G). The same holds for the β-values in characteristic zero.
Proposition 3. Let G be a finite group group and V reg = KG its regular representation. Then
In fact, every G-module V can be embedded as a submodule in
for any G-module V and every positive integer m, the claim follows from Proposition 2.
The case of non-finite algebraic groups
In this section we prove the following theorem which is equivalent to Theorem A from the first section. Theorem 1. For any non-finite linear algebraic group G we have β sep (G) = ∞.
We start with the additive group K + . Denote by V = Ke 0 ⊕ Ke 1 ≃ K 2 the standard 2-dimensional K + -module: s · e 0 := e 0 , s · e 1 := se 0 + e 1 for s ∈ K + . If char K = p > 0 we can "twist" the module V with the Frobenius map F n :
n to obtain another K + -module which we denote by V F n .
Proposition 4. Let char K = p > 0 and consider the
Proof. It is easy to see that f := x
1 , y 1 , f ], and the claim follows easily.
If K has characteristic zero, we need a different argument. Denote by V n := S n V the nth symmetric power of the standard K + -module V = Ke 0 ⊕ Ke 1 (see above). This module is cyclic of dimension n + 1, i.e. V n = K + v n where v n := e n 1 , and for any s ∈ K + , s = 0, the endomorphism v → sv − v of V n is nilpotent of rank n. In particular, V 
Proof. Let U 1 , U 2 be two finite dimensional vector spaces. There is a canonical isomorphism
where O(U * 1 ⊕ U 2 ) (p,q) denotes the subspace of those regular functions on U * 1 ⊕ U 2 which are bihomogeneous of degree (p, q). If F = Ψ(f ), then for any x ∈ U * 1 and u ∈ U 2 we have
(Since we are in characteristic 0 we can identify S p (U * 1 ) with (S p U 1 ) * .) Moreover, if U 1 , U 2 are G-modules, then Ψ is G-equivariant and induces an isomorphism between the G-invariant bihomogeneous functions and the G-linear homomorphisms:
For the K + -module W = V * ⊕ V n we thus obtain an isomorphism
Putting p = n and q = 1 and defining
0 (e n 0 ) = 0, and f (w ′ ) = f (x 0 , 0) = 0. Hence w and w ′ can be separated by invariants. Now let f be a K + -invariant separating w and w ′ where deg f = d. We can clearly assume that f is bihomogeneous, say of degree (p, q) where p + q = d. Because f must depend on V n , we have q ≥ 1. Hence f (w ′ ) = f (x 0 , 0) = 0, and so f (w) = f (x 0 , v 0 ) = 0. This implies for F := Ψ(f ) that F (v q 0 ) = 0. Now it follows from Remark 4 above that F induces an injective map of K + v q n into S p V , and so
To handle the general case we use the following construction. Let G be an algebraic group and H ⊂ G a closed subgroup. We assume that H is reductive. For an affine H-variety X we define
where H acts (freely) on the product G × X by h(g, x) := (gh −1 , hx), commuting with the action of G by left multiplication on the first factor. We denote by [g, x] the image of (g, x) ∈ G × X in the quotient G × H X. The following is well-known. It follows from general results from geometric invariant theory, see e.g. [MFK94] .
(a) The canonical morphism
→ gH, is a fiber bundle (in theétale topology) with fiber X. 
Now let V be a G-module and X := V | H , the underlying H-module. Choose a closed G-equivariant embedding G/H ∼ − → Gw 0 ֒→ W where W is a G-module. Then we get the following composition of closed embeddings where the first one is H-equivariant and the remaining are G-equivariant:
The map µ is given by µ(v) = (w 0 , v). It follows from Lemma 1 and Remark 1 that for any G-separating morphism ϕ :
Proposition 6. Let G be a reductive group, H ⊂ G a closed reductive subgroup and
Now we can prove the main result of this section, Proof of Theorem 1. By Proposition 1 we can assume that G is connected.
(a) Let G be semisimple, T ⊂ G a maximal torus and B ⊃ T a Borel subgroup. If λ ∈ X(T ) is dominant we denote by E λ the Weyl-module of G of highest weight λ, and by D λ ⊂ E λ the highest weight line. Choose a one-parameter subgroup ρ :
is generated by a homogeneous invariant of degree n+1 and so 
Relative degree bounds
In this section all groups are finite. We want to prove the following result which covers Theorem B from the first section.
Theorem 2. Let G be a finite group, H ⊂ G a subgroup, V a G-module and W an H-module. Then The proof needs some preparation. Let V, W be finite dimensional vector spaces and ϕ : V → W a morphism. It is easy to see that this is independent of the choice of a basis.
If V is a G-module and ϕ : V → W a separating morphism, then β sep (G, V ) ≤ deg ϕ. Moreover, there is a separating morphism ϕ : V → W for some W such that
For any (finite dimensional) vector space W we regard
In this case we have the following result due to Draisma , Kemper and Wehlau [DKW08, Theorem 3.4].
Lemma 2. The polarizations of the elementary symmetric functions form an
Recall that the polarizations of a function f ∈ O(U ) to n copies of U are defined in the following way. Write g 1 v) , . . . , ϕ (g d v) ) and ψ W : W d → K N is the separating morphism from Lemma 2.
We claim thatφ is G-separating. In fact, for g ∈ G define the permutation
(v). This shows thatφ is G-invariant. Assume now that gv = w for all g ∈ G. This implies that hg i v = w for all h ∈ H and i = 1, . . . d, and so ϕ(g i v) = ϕ(w) for i = 1, . . . , d, because ϕ is H-separating. As a consequence,φ(v) = σφ(w) for all permutations σ ∈ S d , henceφ(v) =φ(w), because ψ W is S d -separating, and soφ is G-separating.
For the degree we get degφ
and the claim follows.
Degree bounds for some finite groups
In principal, Proposition 3 allows to compute β sep (G) for any finite group G. Unfortunately, the invariant ring O(V reg ) G does not behave well in a computational sense. We have been able to compute β sep (G) with Magma [BCP97] and the algorithm of [Kem03] If, in addition, G acts transitively on the basis (v 1 , v 2 , . . . , v n ), then an invariant monomial m is a power of x 1 x 2 · · · x n , and thus has degree ℓn ≥ dim V . If we apply this to the regular representation, the claim follows.
With Corollary 1 we get the next result.
Corollary 2. Let char K = p > 0 and G be a group of order rp k with (r, p) = 1.
Proposition 9. Let G be a cyclic group. Then β sep (G) = |G|.
Proof. Let |G| = rp k where (r, p) = 1 and choose two elements g, h ∈ G of order r and q := p k , respectively, so that G = g, h . We define a linear action of G on V := Let D 2n = σ, ρ denote the dihedral group of order 2n with ord(σ) = 2, ord(ρ) = n and σρσ −1 = ρ −1 .
Proposition 10. Assume that char(K) = p is an odd prime, and let r ≥ 1. Then β sep (D 2p r ) = 2p r .
Note that if char(K) = p = 2, then D 2p r is a 2-group, so β sep (D 2 r+1 ) = 2 r+1 by Proposition 8. We conjecture that for char(K) = 2 and p an odd prime, we have β sep (D 2p ) = p + 1, which would fit with Proposition 7. The dihedral groups of Proposition 10 satisfy this property, and we get β sep (G) = |G| for those groups. But in characteristic 2, β sep (S 3 ) < |S 3 | by Proposition 7, so the answer to the second question only partially helps to solve the first one.
